Abstract: We formulate and prove the Lorentzian version of the positive mass theorems with arbitrary negative cosmological constant for asymptotically AdS spacetimes. This work is the continuation of the second author's recent work in [25] .
Introduction
In general relativity, our spacetime is modelled by a 4-dimensional Lorentzian manifold (N 1,3 , g) with the Lorentzian metric g of signature (−1, 1, 1, 1) which satisfies the Einstein field equations
where Ric, R are the Ricci and scalar curvatures of g respectively, T is the energymomentum tensor of matter, and Λ is the cosmological constant.
It is well known that the positive mass theorem plays an important role in general relativity. The definition of the total energy and the total linear momentum for asymptotically flat spaces was given by Arnowitt-Deser-Misner from the Hamiltonian point of view [2] . This ADM mass is in fact a geometric invariance [3, 5] . Physicists believe, with some justification, that the total mass for a nontrivial isolated gravitational system must be positive. This was the famous positive mass conjecture which was first proved by Schoen and Yau in a series of papers [16, 17, 18 ] using minimal surface techniques and then by Witten [21, 15, 3] using spinors.
It is natural to extend the positive mass theorem to asymptotically AdS spacetime where spatial infinities are asymptotically hyperbolic. Such a theorem was proved with a fixed negative cosmological constant for spacelike, asymptotically hyperbolic hypersurfaces with zero second fundamental form in [20, 6, 7] , and with nonzero second fundamental form in [25, 13] . In general, there are two versions of the positive mass theorem (cf. [22] ). One is the Riemannian setting to use the initial data set which is a 3-dimensional Riemannian manifolds equipped with another 2-tensor.
The other is the Lorentzian setting to use a spacelike hypersurface in 4-dimensional Lorentzian manifolds. Although, technically, the different spin structures are used in different setting, the two versions are essentially equivalent in asymptotically flat spacetimes. Interestingly, the situation changes in asymptotically AdS spacetimes and the Riemannian version of the positive mass theorem in [25] is not equivalent to the Lorentzian version in [13] . For instance, for the maximal spacelike hypersurfaces in AdS spacetimes, the dominant energy condition in AdS spacetimes implies the energy condition in [25] , hence the theorem in [25] holds. However, this theorem is not included in the nonnegativity of the energy-momentum matrix in [13] .
The present paper is essentially the continuation of the second author's recent work in [25] . We will prove positive mass theorems for asymptotically AdS spacetimes with arbitrary negative cosmological constant. We first define e 0 -Killing spinors and use it to obtain the corresponding Lorentzian version of the positive mass theorem in [25] . We then use imaginary-Killing spinors to prove another positive mass theorem analogous to the one in [13] . We would like to point out that we use a bit different setting to study a spacelike hypersurface in asymptotically AdS spacetimes in the second case, instead of extending an initial data set to an asymptotically AdS spacetime in [13] . We note that it was used to study the quasi-local mass in [19] for the positive mass theorem with zero second fundamental form for asymptotically AdS spacetimes with arbitrary negative cosmological constant.
It is an interesting question whether the total angular momentum can be dominated by the total energy. In [8] , Corvino and Schoen constructed regular solutions of vacuum Einstein constraint equations, which are Kerr at infinity. This initial data set indicates, in general, there is no relation between the total energy and the total angular momentum. However, certain extra energy conditions were found in asymptotically flat spacetimes in [22] that the total angular momentum is dominated by the total energy. But the analogue of this new energy condition does not imply the similar result in asymptotically AdS spacetimes.
This paper is organized as follows: In Section 2, we make a study of e 0 -as well as imaginary-Killing spinors in AdS spacetime along the hyperbolic 3-space. Section 3 gives the definition of total energy-momenta for asymptotically AdS initial data sets. In Section 4, we derive a Weitzenböck formula for e 0 -Killing hypersurface DiracWitten operator and state some known results on comparing two spin connections.
Section 5 deals with the boundary value problem of the Dirac-Witten equation and a positive mass theorem is proved. In Section 6, by using the imaginary Killing spinors, we reach another positive mass theorem which corresponds to one of the energy-momentum inequalities from the definite positivity of Maerten's operator.
2 The AdS Spacetime, the Hyperbolic Space, and the e 0 -and imaginary Killing Spinors 
, then in terms of the polar coordinate system (r, θ, ψ) (0 < r < ∞, 0 ≤ θ < π and 0 ≤ ψ < 2π), the AdS metric can be rewritten as Let S be the (locally) spinor bundle of (N 1,3 , g AdS ) and its restriction to H 3 is globally defined since every orientable 3-manifold is spin. We say that a spinor Φ 0 ∈ Γ(S) is an e 0 -Killing spinor (along
for every tangent vector X of H 3 .
Choose a standard symplectic basis as in [15] and [24] , the spinors over AdS can be written as a 4-vector valued functions Φ = (
We fix the following Clifford representation throughout the paper:
where λ 1 , λ 2 , λ 3 , and λ 4 are four arbitrary complex numbers.
Due to the fact that e 0 changes the chirality of spinors, the form of e 0 -killing spinors looks different from that of the imaginary Killing spinors [12, 10] .
In fact,
Lemma 2.2 The imaginary Killing spinors along H 3 satisfying the imaginary Killing equations
where
Remark: The imaginary Killing spinors in the full spacetime look like in the similar form but λ µ is time dependent [10] , i.e.
where C 1 , C 2 , C 3 , C 4 are four arbitrary complex constants.
Definition of the Total Energy-Momenta
In this section, we define the total energy-momenta for asymptotically AdS initial data sets. (1) there is a compact set
(2) Under this diffeomorphism, the metric g ij = g(
where a ij satisfies
and the second fundamental form h ij = h(
• e j ) satisfies
. Here
• ∇ is the Levi-Civita connection with respect to the hyperbolic metric
There exists a distance function ρ z such that
Denote n 0 = 1, n i (i = 1, 2, 3) the restriction of the natural coordinate x i to the unit round sphere, i.e.
For such a spacetime, (under a fixed diffeomorphism) the total energy vector E {ν} and for each k the total linear momentum vector P {ν}k are defined by
Remarks: (1) For simplicity, we just assume that there is only one end. The extension of multi-ends case is straightforward.
(2) Our definition E {ν} is the same as p ν in [6] . The geometric invariance of the total energy was given in [7, 6] as well as in [20] for the case with a spherical conformal infinity.
(3) The definition of the total linear momentum vector can be found in [25] . In fact, the Lorentzian lengths of P {ν}1 is invariant but
Therefore, for i = 1, 2, 3,
gives a geometric invariant where c 1 and c 2 are real constants. In this section, we establish a Weitzenböck formula for the Dirac-Witten operator associated with the e 0 -Killing connection. We also state some known results (due to Min-Oo [14] and certain generalizations in [1, 11, 23] ) on comparing two spin connections.
Recall that (N 1,3 , g) is a Lorentzian manifold with the Lorentzian metric g of signature (−1, 1, 1, 1). Let (M, g, h) be a 3-dimensional spacelike hypersurface with induced Riemannian metric g ij and h ij is the second fundamental form of M in N.
Let S be the (locally) spinor bundle of N and we still denote by S its restriction to M. Let ∇ and ∇ be the Levi-Civita connections of g and g respectively. We also denote by the same symbols their lifts to the spinor bundle S.
Fix a point p ∈ M and an orthonormal basis {e α } of T p N with e 0 normal and {e i } tangent to M. Extend {e α } to a local orthonormal frame in a neighborhood of p in M such that (∇ i e j ) p = 0. Extend this to a local orthonormal frame {e α } for N with (∇ 0 e j ) p = 0. Let {e α } be its dual frame. Then
where h ij = g(∇ i e 0 , e j ) are the components of its second fundamental form at p. The two connections on the spinor bundle are related by
We define the e 0 -Killing connection by
Then the associated hypersurface Dirac-Witten operators are
There are two choices of metrics on the spinor bundle [15, 24] . S restricted to M inherits an Hermitian metric (φ, ψ) and a positive definite metric < φ, ψ >. They are related by the equation
With respect to < ·, · >, e i is skew-Hermitian while e 0 is Hermitian [15, 24] . We also note that ∇ is compatible with < ·, · > but ∇ is not. Moreover,
As usual, we have the following formulae.
Hence, where
Proof: By straightforward computation, it follows that
On the other hand,
The standard Weitzenböck formula [21, 15] reads
This proves the lemma.
Since we would be working on a non-compact manifold we need the following integrated version of the Weitzenböck formula (4.14) involving a boundary term:
for all φ ∈ Γ(S).
The assumption we make in order to prove the positive mass theorem is a modified version of dominant energy condition:
(S). (4.16)
Remarks:
(1) Set
and
Then by the Gauss-Codazzi equations of M in N, the energy condition (4.16) is equivalent to the "dominant energy condition"
in [25] . and
g µν is the Einstein tensor. Then
In order to compute the boundary term which gives rise to the total energy and the total momentum, we define a new connection and see the difference of two connections on the spinor bundle. Most of the results here are due to the work in [14, 1, 23] .
Recall that g =
• g + a with a = O(e −τ κr ),
• ∇a = O(e −τ κr ), This gives a gauge transformation
(and in addition e 0 → e 0 ) which identifies the corresponding spin group and spinor bundles.
To compare ∇ and 
Then the difference of ∇ of ∇ is then expressible in terms of the torsion
for any tangent vectors X, Y, Z ∈ T M.
Since both ∇ and ∇ are g-compatible, their induced connections on the spinor bundle S(M) differ by
where ω kl (e j ) = −g(∇ j e k , e l ) and ω kl (e j ) = −g( ∇ j e k , e l ). 
From (4.19) and (4.20) we have obtained the following asymptotic formula
We extend the e 0 -Killing spinors Φ 0 in (2.6) on the end to the inside smoothly.
With respect to the metric g, these e 0 -Killing spinors Φ 0 can be written as Φ 0 = AΦ 0 .
The Dirac-Witten Equation and the Positive Mass Theorem I
As explained in the introduction, in this section, we will study an elliptic boundary value problem on M with given boundary values as r → ∞. We will solve for a spinor φ satisfying the first order elliptic Dirac-Witten equation with the above inner product is a Hilbert space. Now define a bounded bilinear form
By the Weitzenböck formula (4.15), we have
Due to the energy condition (4.16), we can extend B(·, ·) to H 1 (S) as a coercive (not strictly coercive in general) bilinear form.
Take Φ 0 as the e 0 -Killing spinor in (2.6). The same as in [25] , due to the asymptotic conditions (3.1) and (3.2), we know that
Lemma 5.1 Let (M, g ij , h ij ) be a 3-dimensional asymptotically AdS initial data set which satisfies the energy condition (4.16). There exists a unique spinor
Proof: Since B(·, ·) is coercive on H 1 (S), and 
Obviously, ψ is not in L 2 (S) which gives the contradiction. Hence ψ = 0, and the proof this lemma is complete.
Now we state our first positive mass theorem.
Theorem 1 Let (M, g ij , h ij ) be a 3-dimensional asymptotically AdS initial data set which satisfies the energy condition (4.16). Then the following 4×4 Hermitian matrix
is positive definite. Moreover, if E {0} + P {0}1 = 0, then the following equations hold on M:
where R ijkl is the Riemann curvature tensor of (M, g) and
The positivity of the 2 × 2 principal minor in (5.5) also implies Corollary 1 In particular, we have
Proof: Let φ be the solution of the Dirac-Witten equation Submitting this φ into the Weitzenböck formula (4.15), we obtain that the boundary term is nonnegative due to the energy condition (4.16).
Denote
, and
where ω ν is defined in (3.5).
Therefore we obtain
Using the Clifford representation (2.5), the boundary term is equal to (up to a constant)
It can be rewritten as a quadratic form (
This completes the proof of the nonnegativity part.
If the equality holds, then there exists at least one non-vanishing spinor such that ∧ ∇φ = 0. If E {0} + P {0}1 = 0, then there is {φ α } which forms a basis of the spinor bundle everywhere on M such that ∧ ∇φ α = 0. So in a local frame {e α } we have
It is therefore,
for a basis {φ α }. This implies
as an endomorphism of S. Set
In terms of Clifford representation (2.5), we obtain 
This gives
and the theorem is proved.
The Imaginary Killing Spinors and Positive Mass Theorem II
As mentioned in the introductory section, Maerten obtained the positivity of a sequilinear form under the relative energy condition. Classical linear algebra tells us that each principal minor of this form must be nonnegative which give rise to a set of energy-momentum inequalities [13, Appendix] . Among them, the most interesting one might be the second order principal minor which gives the positivity of the Lorentzian length of the mass vector, i.e. m 2 0 − |m| 2 ≥ 0. This special inequality is recovered in our formulism here by using the imaginary Killing spinor.
Define the modified imaginary Killing connection as
Here∇ is the Levi-Civita connection with respect to the induced Riemannian metric on the spacelike hypersurface. The associated hypersurface Dirac-Witten operator is
The corresponding Weitzenböck formula is then E {0} + E {3} E {1} −P {0}2 + P {3}2 P {1}2 − P {2}3 − √ −1E {2} − √ −1(P {0}3 + P {3}3 ) − √ −1(P {2}2 − P {1}3 )
E {1} E {0} − E {3} −P {1}2 + P {2}3 P {0}2 + P {3}2 + √ −1E {2} − √ −1(P {2}2 + P {1}3 ) + √ −1(P {0}3 + P {3}3 )
−P {0}2 + P {3}2 −P {1}2 + P {2}3 E {0} + E {3} −E {1} + √ −1(P {0}3 + P {3}3 ) + √ −1(P {1}3 + P {2}2 ) + √ −1E {2}
Therefore, we have reached our second positive mass theorem. where R ijkl is the Riemann curvature tensor of (M, g). These are the Gauss and
Codazzi equations of the isometric embedding in the AdS spacetime.
The positivity of the 2 × 2 principal minor in (6.1) also implies the positivity of hyperbolic mass:
Corollary 2 In particular, we have
Clearly, the rigidity conclusion follows from the fact that there exists at least one non-vanishing spinor such that ∧ ∇φ = 0. Maerten [13] also obtained this via the construction of the Killing initial data [4] .
